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Аннотация
We consider the S.Smale’s 9th problem on feasibility of the linear system of
inequalities in connection with a linear programming problem.
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In [1] it was posed the following problem 9. Let A be an m × n real matrix and
b ∈ Rm.
Problem 9: Is there a polynomial time algorithm over the real numbers which decides the
feasibility of the linear system of inequalities Ax ≥ b?
The answer is – yes there is.
It may be shown by reduction of the problem 9 to the linear programming problem
with certainly feasible conditions. So the problem 9 has a required polynomial time
algorithm as the linear programming problem has such an algorithm (L.Khachiyan, 1979
and subsequently N.Karmarkar, 1984).
Reduction: Let
∆b ∈ Rm, c = (1, 1, ..., 1) ∈ Rm, F (x,∆b) = (c,∆b),
where (., .) – is the inner product, c – is the vector with unit coordinates.
Consider the following linear programming problem:
min
x∈Rn
F (x,∆b) subject to Ax ≥ b−∆b, ∆b ≥ 0 (1)
here the goal function is bounded from below F (x,∆b) ≥ 0 and conditions Ax ≥ b −
∆b,∆b ≥ 0 are certainly feasible.
Theorem. The linear system of inequalities Ax ≥ b is feasible if and only if in the
problem (1)
min
x∈Rn
F (x,∆b) = 0. (2)
Proof:
Necessity. If there exist such a vector x for which Ax ≥ b then (2) is fulfilled with
∆b = 0.
Sufficiency. If (2) is fulfilled for some (x,∆b) then ∆b = 0 and therefore x is a solution
of the linear system of inequalities Ax ≥ b.
1
Theorem is proved.
Corollary. To check solvability of the linear system of inequalities Ax ≥ b one can
first solve the problem (1) using a polynomial time algorithm and then check the condition
(2) which solves the problem 9.
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